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Abstract
For G a locally compact group and i = 1,2 we define topological versions Σitop(G) of the geo-
metric homotopical invariants Σ1 and Σ2 of discrete groups. We calculate Σ1top(G) and Σ2top(G)
for G = exp(η)  Q, η a nilpotent Lie algebra over a local p-adic field K and Q an abstract free
abelian group of finite rank that acts on expη via topological automorphisms. An important part of
the structure of η is that it splits as a direct sum of one-dimensional (over K) K[Q]-modules.
We conjecture the structure of the Bieri–Strebel–Renz invariant Σ2(H) for a discrete nilpotent-by-
abelian S-arithmetic group H . The invariant Σ2(H) characterizes the finitely presented subgroups
of H that contain the commutator.
 2004 Elsevier Inc. All rights reserved.
1. Introduction
In this paper we define topological invariants Σ1top(G) and Σ2top(G) for locally compact
groups G in resemblance with the geometric invariants of discrete groups introduced by
R. Bieri, R. Strebel, W. Neumann, B. Renz [4,5,12]. We believe that the new invariants
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locally compact groups as the original invariants have in the discrete case.
The paper is very much inspired by the results in [1], where a classification of finitely
presented S-arithmetic groups is obtained. The finite generation of such groups was earlier
treated in [3]. In [1] the problem of finite presentability is reduced via a result of M. Kneser
[8] to the problem of compact presentability of special locally compact groups N  Q.
Our main result is the calculation of the new topological invariants for the class of locally
compact groups considered in [1].
Theorem 1. Suppose G = N Q is a locally compact, compactly presentable topological
group, N = expη, η is a finite-dimensional nilpotent Lie algebra over a local p-adic field
K (i.e., finite extension of Qp for some rational prime p) and Q is a discrete free abelian
group of finite rank of Lie algebra automorphisms of η such that η splits into direct sum
of one-dimensional K[Q]-modules. Then for a non-zero character χ :G → R such that
χ(N) = 0 we have
(1) [χ] ∈ Σ1top(G) if and only if χ /∈ R>0R, where R is the set of weights of the abelian-
ization of η.
(2) [χ] ∈ Σ2top(G) if and only if
R0χ ∩ conv2(R>0R) = ∅ and H2(η) is compactly generated over Z[Qχ ],
where for a subset T of Hom(Q,R)  Rn the set conv2 T is the union of convex hulls of
subsets of T with one or two elements.
Theorem 1 can be viewed as a “generalisation” of one of the main results from [1]
namely N Q is compactly presented if and only if N/[N,N] is 2-tame (in our notations
this will read Σ1top(N Q) does not contain antipodal points) and H2(η) is compactly gen-
erated over Z[Q]. In fact Theorem 1 would have implied Abels’ result if the class of the
trivial character was allowed in Σ2top(G). We view Theorem 1 as the first step in calcu-
lating the homotopical geometric invariant Σ2(G) for nilpotent-by-abelian S-arithmetic
groups G. The missing step is a Σ-version of Kneser’s result [1, Theorem 0.2.8], [8].
Conjecture. For an S-arithmetic nilpotent-by-abelian group G the homotopical invariant
Σ2(G) and the homological invariant Σ2(G,Z) coincide and [χ] ∈ Σ2(G) if and only if
R0χ ∩
(
conv2 R>0Σ1(G)c
)= ∅ and
H2
([G,G],Z) is finitely generated as a module over Z[Gχ ].
The importance of the invariant Σ2(H) for a discrete, finitely presented group H is
that it captures information about finite presentability of subgroups H0 of H containing
the derived subgroup H ′. More precisely, by [5] H0 is itself finitely presented if and only
if S(H,H0) = {[χ] = R>0χ | χ ∈ Hom(Q,R) \ {0}, χ(H0) = 0} ⊆ Σ2(H). In particular,
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nitely presented, nilpotent-by-abelian, S-arithmetic group containing the derived subgroup
is itself finitely presented.
We note that the restriction in Theorem 1 that N ⊆ Kerχ is not important. Indeed,
as shown in [10] in case of a discrete group H of homotopical type Fm with normal,
polycyclic subgroup N ,{[χ] = R>0χ | χ ∈ Hom(H,R) \ {0}, χ(N) = 0}⊆ Σm(H).
In particular, this holds for N nilpotent. In fact, the proof of [10, Theorem A] could be
translated into the language of locally compact groups and gives in the assumption of Theo-
rem 1 {[χ] | χ non-trivial continuous real character of G such that χ(N) = 0} ⊆ Σ2top(G).
The paper is split in several sections: in Sections 2–4, 7–8 we develop a general theory of
the new invariants for locally compact groups, in Sections 5–6, 9–13 we treat the specific
case of locally compact groups satisfying the assumptions of Theorem 1. The invariants
Σ1top and Σ2top are defined in Section 2 and a criterion for their calculation is shown in Sec-
tion 3. In Section 4 we use contracting automorphisms to study Σ2top. The terminology of
Lie algebras and weights is the same as in [1] and is explained in Section 5. In Section 6 we
establish Theorem 6 that is a topological version of a recent result in [9] about Σ2(H) for
discrete groups H without free non-cyclic subgroups. Section 7 treats the colimit construc-
tion via the Bass–Serre theory of groups acting on trees. This new approach shows why the
method introduced in [1] works only in dimension two, i.e., establishes finite presentability
but not the compact homotopical type C3 (more about the compact homotopical type Cn
or the compact homological type CPn could be found in [2]). In Section 8 we prove an
easy but very useful result, a topological version of a particular case of [11, Theorem B].
Section 9 contains two lemmas about commutators and weights in Lie algebras that are the
core of all commutator calculations made later on. In Section 10 the colimit M is defined
and provided R0χ ∩ (conv2(R>0R)) = ∅ its nilpotence is deduced as a consequence
of the difficult Theorem 8. The reader should be armed with patience if he wants to go
through the long proof of Theorem 8 included in Section 11. It is interesting to note that
our proof is not based on H. Abels’ proof in [1] of the nilpotence of a colimit defined by
a larger set of groups. In fact, the nilpotency class of the colimit considered in [1] minus
the nilpotency class of N is zero or one. In our case the nilpotency class of the colimit M
is bounded above by a polynomial of degree two of the nilpotency class of N and we do
not know whether this could be improved as in [1]. In Section 12 we complete the proof
of the ‘if’ part of Theorem 1 by showing that the homomorphism H2(η|Qp )0χ → H2(η)0χ is
a monomorphism when R0χ ∩ (conv2(R>0R)) = ∅. Finally, in Section 13 all bits and
pieces of the proof of Theorem 1 are put together.
2. A topological version Σmtop of Σm for locally compact topological groups
for m = 1,2
In this section we assume that G is a locally compact topological group with a compact
set of generators X (i.e., G as an abstract group is generated by X). Let F(X) be the
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the unique homomorphism of abstract groups such that the restriction of π on X is the
identity. We fix a non-zero continuous homomorphism χ :G → R (and sometimes refer to
such a homomorphism as a non-zero real character of G) and extend it to the (abstract)
homomorphism χπ :F(X) → R. By definition Gχ = χ−1[0,∞) and
F(X)χ =
{
f ∈ F(X) ∣∣ f is a reduced word on X±1 such that
for every beginning f1 of f we have χπ(f1) 0
}
.
The definition we suggest for Σmtop(G) for m = 1,2 follows the well-known definition of
the homotopical invariant Σm for discrete groups.
Definition.
Σ1top(G) =
{[χ] = R>0χ ∣∣ for some compact generating set X the restriction
πχ :F(X)χ → Gχ of π is surjective
}
⊆ Stop(G) =
{[χ] = R>0χ ∣∣ χ :G → R is a non-trivial
continuous homomorphism
}
.
The definition of Σ2top(G) is more complicated. Suppose [χ] is an element of Σ1top(G),
hence for some compact generating set X the restriction πχ :F(X)χ → Gχ is surjective.
For r ∈ Kerπχ and f ∈ F(X)χ every beginning of f rf−1 has non-negative value under
χπ and so f rf−1 ∈ F(X)χ . We say that Gχ has a “compact presentation” if for some
compact generating set X of G the restriction πχ of π is surjective and there is a subset R
of Kerπχ such that Kerπχ as a monoid is generated by
⋃
f∈F(X)χ f Rf
−1 and there is an
upper bound on the reduced length of the elements of R as words on X±1. The latter could
be viewed as a kind of “compact” condition on R.
Definition. Σ2top(G) = {[χ] | Gχ has a “compact presentation”}⊆ Σ1top(G) ⊆ Stop(G).
Note that if Σ2top(G) is not empty, then G is compactly presented. Indeed, if Kerπχ is
generated as a monoid by {fRf−1 | f ∈ F(X)χ } for some subset R with an upper bound
on the reduced length of its elements, then Kerπ is generated as a normal subgroup by R
and we can apply [1, Proposition 1.1.1].
Our definition of Σ2top is a topological version of the following definition of Σ2 for
discrete groups H , Σ2(H) = {[χ] | χ ∈ Hom(H,R) \ {0}, there is a finite presentation
〈Y | R〉 of H such that for the Cayley complex Γ associated with this presentation the
subcomplex Γχ in Γ spanned by the vertices in Hχ is 1-connected}. By definition the
Cayley complex Γ of a presentation 〈Y | R〉 of a group G is a complex with a set of
vertices G, a set of edges G × Y and a set of two cells G × R. The vertices of an edge
(g, y) are g and gy and the boundary of a 2-cell (g, r) is a path at g given by spelling
out the relation r . The topology of Γ is the one of a CW complex with the described
542 D.H. Kochloukova / Journal of Algebra 282 (2004) 538–574above cell decomposition, hence every subset of Γ that contains at most one element of a
cell is a discrete subset of Γ , in particular the vertex set G is a discrete subset of Γ (i.e.,
in the case when G is a topological group the topology of G is not taken into account
when the complex Γ is constructed). The group G acts on Γ via left multiplication and
Γ is 1-connected. Note that for a locally compact group G, [χ] ∈ Σ2top(G) if and only if
there is a compact presentation 〈Y | R〉 of G (i.e., Y is a compact subset of G and there
is an upper bound on the length of the elements of R as reduced words on Y±1) such that
the subcomplex Γχ of the Cayley complex Γ corresponding to the compact presentation
〈Y | R〉 is 1-connected. Here the subcomplex Γχ is the subcomplex of Γ spanned by the
set of vertices Gχ .
3. A criterion for Σ2top in the split extension case
Lemma 1. Suppose [χ] ∈ Σ2top(G) and 〈Y | R〉 is a compact presentation of G that
shows that [χ] is in Σ2top(G), i.e., Y is a compact generating set of G such that the map
πχ : F(Y )χ → Gχ is surjective, R is a subset of F(Y )χ such that Kerπχ as a monoid is
generated by
⋃
f∈F(Y )χ f Rf
−1 and there is an upper bound on the length of the elements
of R as reduced words on Y±1. Suppose further that g0 is an element of G \ Y and define
Y0 to be the disjoint union of Y with {g0}.
Then the map ϕχ :F(Y0)χ → Gχ is surjective with kernel generated as a monoid by⋃
f∈F(Y0)χ f R0f
−1
, where R0 = R ∪f0g−10 if g0 ∈ Gχ and R0 = R ∪{g−10 f0} if g0 /∈ Gχ
for some f0 ∈ F(Y ) such that πχ(f0) = g0 and every beginning of f0 has χπ value at least
min{χ(g0),0}, ϕ :F(Y0) → G is the homomorphism given by ϕ(g0) = g0 and ϕ|Y = π |Y .
In other words if a presentation 〈Y | R〉 shows that [χ] ∈ Σ2top(G) we can always assume
that Y contains a fixed finite subset of G.
Proof. Consider the Cayley complexes Γ and Γ0 of G with respect to the presentation
〈Y | R〉 and 〈Y0 | R0〉, respectively. By construction Γχ is a subset of (Γ0)χ and Γχ is
1-connected. We will show that (Γ0)χ is 1-connected and this will imply the theorem.
We comment on the existence of f0 described in the lemma. If g0 ∈ Gχ the existence
of f0 follows from the surjectivity of πχ . If g0 /∈ Gχ then g−10 ∈ Gχ and there is a path in
(Γ )χ with beginning g−10 and end 1G. We define f0 as the label of this path.
Suppose γ is a closed path at 1G in (Γ0)χ . Whenever an edge in γ has label g0 (i.e., is
of the form (g, gg0)), we substitute it with a path with the same endpoints and with label
f0 and obtain a path γ˜ in Γχ . As every path in (Γ0)χ with label f0g−10 is contractible in
(Γ0)χ the paths γ and γ˜ are homotopic in (Γ0)χ . Thus the map
π1(Γχ) → π1
(
(Γ0)χ
)
is surjective. In particular, (Γ0)χ is 1-connected. 
Suppose X is a compact subset of a locally compact topological group N and Q is
an abstract, finitely generated, free abelian group of topological automorphisms of N . We
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QχX is an abstract set and is not in general included in N . The inclusion of X in N induces
a Qχ -invariant homomorphism of abstract groups ϕ : F(QχX) → N , where F(QχX) is
the free abstract group with basis QχX.
Proposition 1. Suppose G is a locally compact, topological group, G = N  Q where
Q is a discrete free abelian group of finite rank and χ :G → R is a non-zero continuous
character such that χ(N) = 0. Then
(1) [χ] ∈ Σ1top(G) if and only if there exists a compact subset X of N such that {qxq−1 |
q ∈ Qχ, x ∈ X} is a generating set of N .
(2) [χ] ∈ Σ2top(G) if and only if for some compact subset X of N the map ϕ :F(QχX) → N
is surjective and has kernel generated as a normal subgroup by QχR for some subset
R of F(QχX) with the property that the length of the elements in R as reduced words
on X±1 ∪ Q±11 is bounded above by a positive integer. Here Q1 is a basis of Q as
a free abelian group and F(QχX) is identified with a subgroup of the free product
F(X) ∗ Q via the map sending qx to qxq−1 for q ∈ Qχ, x ∈ X. Furthermore, when
[χ] ∈ Σ2top(G) the set X could be chosen to contain a fixed compact subset X0 of N .
Remark. By the normal form theorem for free products of groups an element of F(X)∗Q
could be considered as a word on the alphabet X±1 ∪Q±11 with the extra property that the
elements of Q±11 commute. The length of an element g of F(X) ∗Q is the smallest length
of a word on X±1 ∪Q±11 that represents g.
Proof. (I) First we show the ‘only if’ part of the proposition. Suppose [χ] ∈ Σ1top(G) and
let Y be a compact generating set of G such that the map πχ :F(Y )χ → Gχ is surjective.
As Q is a discrete group Y is a finite union
⋃
jmXjqj where qj ∈ Q and all Xj are
compact subsets of N . Since N is a subset of Gχ every element g of N could be written as
a product g1 . . . gk of elements of Y±1 such that every beginning g1 . . . gs of this product
is in Gχ . Using conjugation, we can move all entries of {q±1j }jm in one of g1, . . . , gk at
the end of the product representing g, where they all should cancel. This shows that N is
generated by {qxq−1 | q ∈ Qχ, x ∈⋃jm Xj }.
Now we suppose that [χ] ∈ Σ2top(G) and fix a presentation 〈Y | R1〉 of G as an abstract
group with the following properties:
(1) Y is a compact generating set of G and Y =⋃jmXjqj as above. By Lemma 1, we
can assume that Y contains a fixed finite subset of G. In particular, we can assume that
{q1, . . . , qm} ⊂ Y .
(2) There is an upper bound on the length of the elements of R1 as reduced words on Y±1.
Note that without loss of generality we can enlarge R1 and assume it contains a fix
subset of Kerπχ that has an upper bound on the length of its elements.
(3) The Cayley complex Γ associated to this presentation has the property that its sub-
complex Γχ spanned by the vertices in Gχ is 1-connected.
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〈{q1, . . . , qm} | R0〉.
As Q is abelian, it is easy to understand the relations necessary to represent Q, i.e.,
some commutators and some other relations among the generators q1, . . . , qm (in gen-
eral q1, . . . , qm is not a basis of Q). As Q is a finitely generated discrete abelian group for
any natural number m the geometric invariant for discrete groups Σm(Q) coincides with
the character sphere S(Q) = {[χ] = R>0χ | χ : Q → R a non-zero homomorphism}. This
shows that if R0 is sufficiently large but still finite, the subcomplex Tχ of T spanned by the
vertices in Qχ is 1-connected. Furthermore, without loss of generality we can assume that
R0 ⊂ F({q1, . . . , qm})χ ⊂ F(Y )χ and as R0 is finite we can assume that R0 ⊆ R1.
Now let W be the quotient space Γχ/N . Since the quotient map Γχ → W is a covering
map and Γχ is 1-connected we have π1(W)  N . The complex W has as vertices the
elements of Qχ . The set of edges of W is Qχ × Y , where an edge (q, xqi) has ends
q and qqi for x ∈ Xi , q ∈ Qχ , i  m. The set of 2-cells of W is Qχ × R1, where the
boundary of the cell (q, r) is a path at q given by spelling out the word obtained from r
by substituting every entry (xiqi)ε with qεi for xi ∈ Xi, ε = ±1,1 i m. The inclusions{q1, . . . , qm} ⊆ Y and R0 ⊆ R1 show that the complex Tχ embeds in W .
Let X˜ be the disjoint union ⋃jm X˜j , where every X˜j is a copy of Xj \ {1G}.
Claim. The fundamental group of Tχ ∪W(1) is a free abstract group F(Qχ X˜), where Qχ X˜
is the set of free Qχ -orbits generated by X˜. For every path γq in Tχ from 1Q to q ∈ Qχ
and every closed loop w at 1Q in Tχ ∪ W(1) the action of q will send the homotopy class
of w to the homotopy class of γqwˆγ−1q , where wˆ is the translation of the path w at q . As
Tχ is 1-connected this definition is independent of the choice of the path γq .
To prove the claim we use first Van Kampen theorem for Tχ ∪W(1), i.e., π1(Tχ ∪W(1))
is the push-out of the maps
π1
(
Tχ ∩W(1)
)→ π1(Tχ) and π1(Tχ ∩W(1))→ π1(W(1))
induced by the obvious inclusions of spaces. Note Tχ ∩W(1) is the 1-skeleton T (1)χ of Tχ ,
hence Tχ ∩ W(1) is connected. As Tχ is 1-connected, we deduce that π1(Tχ ∪ W(1)) is
the quotient group of π1(W(1)) modulo the normal subgroup generated by the image of
π1(T
(1)
χ ) in π1(W(1)). Note that W(1) is obtained from T (1)χ by adding many new edges
(q, xqi) for x ∈ Xi \ {1G}. At the level of the fundamental group this counts for new loops
γq(q, xqi)(q, qi)
−1γ−1q . Note that for x ∈ Xi \ {1G} we can identify the homotopy class of
the path (1, xqi)(1, qi)−1 with the image of x in X˜i . Finally, as the fundamental group of a
graph is always a free group with a basis corresponding to the maximal set of independent
loops based at a fixed point, we see that the quotient group of π1(W(1)) modulo the normal
subgroup generated by the image of π1(T (1)χ ) is the free group on Qχ X˜.
Once the claim is proved it is easy to finish off the proof of the ‘only if’ part of the
proposition except for the part claiming that Y could contain a fixed compact subset of N .
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modulo the normal subgroup generated by the boundaries of the 2-cells in W . By the claim,
π1(Tχ ∪W(1)) can be identified with the free group with basis Qχ X˜. Finally, we get a pre-
sentation 〈Qχ X˜ | Qχ R˜〉 of π1(W)  N , where the elements of R˜ correspond to the elements
of R1, i.e., r ∈ R1 has an unique form as irreducible word on Y±1 =⋃jm(Xjqj )±1 and it
corresponds to an element of R˜ ⊂ F(Qχ X˜) obtained from r by pulling via conjugation all
entries q±1j at the end where they cancel and substituting every entry from Qχ (Xj \ {1G})
with the corresponding element of Qχ X˜j (this might not be unique as the sets Xj \{1G} are
not necessarily disjoint but we make a choice). As there is an upper bound on the lengths
of the elements of R1 as words on Y±1, then there is an upper bound on the lengths of the
elements of R˜ as words on X˜±1 ∪ Q±11 . Finally, we define X =
⋃
im Xi ⊆ N , i.e., X is
the union of {1G} with the image of X˜ in N and define R as the union of {1G} with the
image of R˜ in F(QχX).
(II) Now we work on the ‘if’ part of the proposition. Let X be a compact subset of N
such that
⋃
q∈Qχ qXq
−1 generates N as an abstract group and Q1 be a basis of Q. Then
Y = X ∪ Q1 is a compact generating set of G. Let π : F(Y ) → G be the homomorphism
induced from the embedding of Y in G. It factors through F(Y )/T where T is the normal
subgroup generated by {qiqjq−1i q−1j | qi, qj ∈ Q1}. In particular, πχ factors through F1 =
F(Y )χ/T ∩ F(Y )χ , F1 has a subgroup F2 generated by QχX and F1 = F2.Qχ setwise.
Note that F2 is a free group with a basis QχX and that T ∩ F(Y )χ is generated as a
submonoid of F(Y )χ by
{
fwf−1
∣∣ f ∈ F(Y )χ , w ∈ {qεii qεjj q−εii q−εjj ∣∣ εi, εj ∈ {−1,1}}∩F(Y )χ}.
By assumption the induced by π map F2 → N is surjective, hence the induced by π
map F1 → Gχ is surjective. Hence πχ : F(Y )χ → Gχ is surjective and so [χ] ∈ Σ1top(G).
Now we assume that the kernel of the induced by π map F2 → N is generated as a normal
subgroup by QχR and there is an upper bound on the lengths of the elements of R as re-
duced words on X±1∪Q±11 . Then Ker(πχ ) as a monoid is generated by
⋃
f∈F(Y )χ f R˜f
−1
,
where
R˜ = ({qεii qεjj q−εii q−εjj ∣∣ εi, εj ∈ {−1,1}}∩ F(Y )χ)
∪ (bijective preimage of R in F(Y )χ preserving lengths).
(III) Finally we show that if [χ] ∈ Σ2top(G) the compact set X satisfying the second part
of the proposition could be chosen large enough so it contains a fixed compact subset
X0 of N . Indeed, let X1 be some compact subset of N satisfying the second part of the
proposition. We set X = X1 ∪X0 a subset of N and define as before π : F(QχX) → N to
be the Qχ -invariant homomorphism induced by the identity of X. The restriction ρ of π
to F(QχX1) has the property that ρ is surjective and the kernel of ρ as a normal subgroup
of F(QχX1) is generated by the Qχ -orbits of a set with an upper bound on the length of its
elements as reduced words on X±1 ∪Q±1. For every x ∈ X0 there is λx ∈ F(QχX1) such1 1
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the kernel of ρ and the Qχ -orbits of xλ−1x for x ∈ X0.
It remains to prove that since X0 is a compact subset of N the set {λx}x∈X0 can be
chosen in such a way that there is an upper bound on the lengths of all λx as reduced words
on X±11 ∪Q±11 . To show this we consider the subset Ad of Gχ of all elements that can be
written as reduced words on (X1 ∪Q1)±1 of length at most d and such that every beginning
of such a word represents an element of Gχ . We will show that Ad is a compact subset
of Gχ . Then the compact set X0 is the union
⋃
d1(X0 ∩Ad) and as {X0 ∩Ad}d is a nested
set of compacts it follows that for sufficiently big d , say d  d0, X0 = X0 ∩Ad . Thus X0
has a preimage in F(QχX1) of elements with lengths as reduced words on (X1 ∪Q1)±1 at
most d0.
As X±11 ∪ Q±11 is a compact subset of G the set Bd of all elements of G that can be
written as reduced words on X±11 ∪ Q±11 of length at most d is compact too. Note that
Ad = Bd ∩ Gχ and as χ is continuous Gχ is closed in G, i.e., Ad is a closed subset in a
compact, hence is compact itself. 
4. Contracting automorphisms and Σ2top
Definition. Let N be a locally compact topological group and let α be a topological au-
tomorphism of N . The automorphism α is called contracting if the sequence {αn}n∈N
converges uniformly on compact subsets to the map that sends every element of N to
the unity element e.
Theorem 2. Suppose N is a locally compact, topological group, α a contracting automor-
phism of N , G is the split extension of N by an infinite cyclic group generated by t such
that t acts on N via α−1, i.e., tnt−1 = α−1(n). Then the character χ : G → R sending N
to zero and t to 1 has the property that [χ] ∈ Σ2top(G).
Proof. The proof is a modification of the proof of [1, Proposition 1.3.1]. As in [1, Propo-
sition 1.3.1] by passing to an open subgroup of finite index, we may assume that G has a
generating set K∪{t} where K is a compact neighbourhood of e in N and α(K) ⊆ K . Thus⋃
j∈Z tjKt−j is a generating set of N and as t−1Kt = α(K) ⊆ K the set
⋃
j0 t
jKt−j
generates N . Then Proposition 1 implies that [χ] ∈ Σ1top(G).
Define H as the quotient group of the abstract free group on the set X modulo the normal
subgroup generated by
⋃
j0(
tjR), where X is the disjoint union of the free {tj }j0-orbits
generated by the elements of K (i.e., X =⋃ t jj0 K), R = {ktα(k)−1t−1 | k ∈ K}. Note
that the elements of R considered as reduced words on K±1 ∪ {t±1} have length 4.
Let π : H → N be the {tj }j0-invariant homomorphism induced by the identity of K .
We aim to show that π is an isomorphism by constructing an inverse ϕ : N → H. Then
by the second part of Proposition 1 [χ] ∈ Σ2top(G). To construct ϕ we note that for u ∈ N
there is an integer n such that αn(u) ∈ K . Define ϕ(u) = tn (αn(u)). As in the proof of [1,
Proposition 1.3.1], ϕ is well-defined and a homomorphism of groups. 
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In this and the next section we restrict to the case when G is a topological group, a split
extension of a nilpotent, locally compact, topological group N by the free abelian, dis-
crete group Q = Zn. The group N has the additional property that it is the exponent of a
finite-dimensional nilpotent Lie algebra η over a local p-adic field K (i.e., K is a finite field
extension of the field of p-adic elements Qp for some prime number p). In addition the ac-
tion of Q on N via left conjugation is induced by a representation of Q in the group of Lie
algebra automorphisms of η and η is assumed to split as a direct sum of one-dimensional
(over K) K[Q]-submodules.
As in [1] we define for a K-vector space V on which Q acts linearly and λ ∈
Hom(Q,K∗),
V λ = {v ∈ V | tv = λ(t)v for every t ∈ Q}.
The set of the weights of V is
W(V ) = {λ ∈ Hom(Q,K∗) ∣∣ V λ = 0}.
Following [1], we denote by ν : K → R∞ an exponential valuation of K extending the
standard exponential valuation Qp → Z∞ that counts the powers of p in an element. So
we have
ν(x.y) = ν(x)+ ν(y), ν(x + y) inf{ν(x), ν(y)}.
The valuation ν induces an important map
ν∗ : Hom
(
Q,K∗
)→ Hom(Q,R), ν∗(µ) = νµ.
We split V as a direct sum
⊕
α∈Hom(Q,R) V α according to the values of the weights un-
der ν∗, where
V α =
⊕
ν∗(µ)=α
V µ.
Note that an element q from Q acts contractingly on V α if and only if α(q) > 0. As in [1]
we associate to the Lie algebra η the set
R= ν∗W
(
ηab
)
.
This is closely related to the compact version of the Bieri–Strebel invariant for the locally
compact Z[Q]-module ηab [1, Section 3.4].
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We start this section by reminding the reader several important results about the set R
defined in the previous section. The first of the quoted results is a special case of a theo-
rem of A. Borel and J. Tits [3]. The second is a compact version of a result of R. Bieri,
W. Neumann, and R. Strebel [4] that if H is a finitely presented discrete group that
does not contain free subgroups of rank two then the complement Σ1(H)c of Σ1(H)
in S(H) = {[χ] = R>0χ | χ ∈ Hom(H,R) \ {0}} does not contain antipodal points. In
general, an upper index c denotes the complement in the relevant S(H) or in the case of
topological groups the complements in the relevant Stop(H).
Theorem 3 ([3], [1, Theorem 3.2.2]). Under the assumptions of Section 5, N  Q is com-
pactly generated if and only if 0 /∈R.
Theorem 4 [1, Theorem 3.2.3]. Under the assumptions of Section 5 if NQ has a compact
presentation then any two elements ofR are positively independent, i.e., the set R>0R does
not contain antipodal points.
Recently a Σ-version of the mentioned result of R. Bieri, W. Neumann, and R. Strebel
has been proved in [9].
Theorem 5 [9]. Suppose H is a finitely presented, discrete group that does not contain
non-cyclic free subgroups. Then
conv2
(
R>0Σ
1(H)c
)⊆ R>0Σ2(H)c,
where for a subset T of Rn the set conv2 T is the union of the convex hulls of all subsets
of T containing at most two elements. In other words, if χ , χ1, and χ2 are non-trivial real
characters of H such that [χ] ∈ Σ2(H) and χ = χ1 + χ2, then at least one of [χ1] and
[χ2] is an element of Σ1(H).
The following result is a version of Theorem 5 for locally compact groups satisfying the
assumptions of Section 5.
Theorem 6. Let G = N  Q be a locally compact, topological group satisfying the as-
sumptions of Section 5, [χ] ∈ Σ2top(G) and χ(N) = 0. Then χ /∈ conv2(R>0Σ1top(G)c).
Proof. The proof we give is similar to the proof of the discrete version of the theorem
in [9]. Let X be a compact subset of N and Q1 be a basis of Q such that Y = X ∪Q1 is a
generating set of G. Let F be the free group on Y and π : F → G be the homomorphism
induced by the identity of Y . By Proposition 1(2) for at least one choice of X the map
πχ is surjective, there is a subset R of F such that Kerπχ is generated as a monoid by⋃
f∈Fχ fRf
−1 and there is an upper bound on the length of the elements of R as reduced
words on Y±1. Furthermore we can assume{
xε1yε2x−ε1y−ε2
∣∣ εi = ±1, x, y ∈ Q1} ∩Fχ ⊂ R.
D.H. Kochloukova / Journal of Algebra 282 (2004) 538–574 549Let Γ be the Cayley complex associated to the presentation 〈Y | R〉 of G. Note Γ and
Γχ are 1-connected. The group G acts on Γ via left multiplication and Γχ is invariant
under the action of Gχ . Consider the covering map Γχ → V = Γχ/N . The 0-skeleton
of V is Qχ . At every vertex we have loops labelled by the elements from X, in addition
we have edges (Qχ × Q1) ∩ {(q1, q2) | χ(q1)  0, χ(q1q2)  0} corresponding to the
χ -(non-negative part) of the grid ⋃0jn−1 Zj × R × Zn−j−1 of Rn.
Now we assume χ = χ1 + χ2 for some real non-trivial continuous characters χi of G
such that χi(N) = 0 and aim to show that at least one [χi] ∈ Σ1top(G). Define Vi to be
the subcomplex of V spanned by the vertices {q ∈ Qχ | χi(q) d} where d is a negative
integer with sufficiently big absolute value such that every 2-cell of V that is not in V1 is
inside V2 (this is possible because there is an upper bound on the reduced length of the
elements of R). Then V = V1 ∪ V2 is a topological decomposition and by Van Kampen
theorem π1(V )  N (the isomorphism is of abstract groups) is the push-out of the maps
ϕ1 : π1(V0) → π1(V1) and ϕ2 : π1(V0) → π1(V2) where V0 = V1 ∩ V2. The case when the
image of π1(V0) has index two in some π1(Vi) could be avoided by changing d . Then
either for some i , ϕi is surjective or N has a free subgroup of rank two. As N is nilpotent
it does not have non-cyclic free subgroups, then for some j the map ϕj is surjective and
hence for i ∈ {1,2} \ {j }, H1(Vi) maps surjectively to H1(V ) = N/[N,N]. Note that the
cycles in the 1-skeleton in Vi form a Z(Qχi ∩Qχ)-module with generators X (remember
the loops attached at every vertex and labelled by the elements of X) and finitely many
other generators coming from relations in Qχi ∩ Qχ . The latter are boundaries in Vi as
R contains all {xε1yε2x−ε1y−ε2 | εi = ±1, x, y ∈ Q1} ∩ Fχ . In particular, the image of X
is a generating set of H1(V )  N/[N,N] as a Z(Qχ ∩ Qχi )-module. As N is nilpotent
this implies that {qxq−1 | q ∈ Qχ ∩Qχi , x ∈ X} is a generating set of N and so {qxq−1 |
q ∈ Qχi , x ∈ X} is a generating set of N . Then by the first part of Proposition 1,
[χi] ∈ Σ1top(N  Q).
Finally, as noted in the introduction for every real continuous character µ of G such
that µ(N) = 0 we have [µ] ∈ Σ1top(G). This completes the proof in case χ1(N) = 0 or
χ2(N) = 0. 
By [1, Corollary 3.4.3] and the fact that a subset of a nilpotent group is a generating
set if and only if it is generating set of the abelianization of the group, we deduce that the
embedding of Q in G = N  Q (where G satisfies all assumptions of Section 5) induces
a map Hom(G,R) → Hom(Q,R) which induces a bijection between Σ1top(G)c and the
projection of the subset R \ {0} of Hom(Q,R) to
S(Q) = {[χ] = R>0χ ∣∣ χ ∈ Hom(Q,R) \ {0}}.
Furthermore, if Σ2top(G) = ∅ then G is compactly presented and by Theorem 4, 0 /∈
conv2(R>0R). This together with Theorem 6 implies the following corollary.
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tions of Section 5 and [χ] ∈ Σ2top(G) with χ(N) = 0, then
(R0χ |Q)∩ conv2(R>0R) = ∅.
Lemma 2. Suppose G is a locally compact, topological group, a split extension of N by an
infinite cyclic group with a generator t , N satisfies the assumptions of Section 5 and χ is a
real character of G such that χ(N) = 0 and χ(t) = 1. Suppose λ(t−1) > 0 for all λ ∈R.
Then [χ] ∈ Σ2top(G).
Proof. This is an immediate corollary of Theorem 2 because t−1 acts contractingly on N
if and only if λ(t−1) > 0 for all λ in R. 
Lemma 3. Suppose Q is a discrete, free abelian group of finite rank, N is a locally com-
pact topological group, G is a split extension of N by Q where Q acts via topological
automorphisms on N and χ : G → R is a character of G sending N to zero. Furthermore,
assume that for some q0 ∈ {q ∈ Q | χ(q) > 0} the character χ0 : N  〈q0〉 → R sending
N to zero and q0 to 1 has the property that [χ0] ∈ Σ2top(N  〈q0〉). Then [χ] ∈ Σ2top(G).
Proof. There is a subset q1, . . . , qn−1 of Q such that q0, q1, . . . , qn−1 generate a free
abelian subgroup of finite index in Q. It is easy to see that if H is a subgroup of finite
index in G then [χ |H ] ∈ Σ2top(H) if and only if [χ] ∈ Σ2top(G). In particular, we can as-
sume that {q0, . . . , qn−1} is a basis of Q.
By Proposition 1(2) as [χ0] ∈ Σ2top(N  〈q0〉) there exists a compact subset K of N such
that there is a {qj0 }j0-invariant surjective homomorphism ϕ : F({q
j
0 }j0K) → N given
by the identity on K , where {q
j
0 }j0K is the set of free {qj0 }j0-orbits generated by the
elements of K . Furthermore, there exists a subset R of the domain of ϕ such that the
kernel of ϕ is the normal closure of {q
j
0 }j0R and there is an upper bound on the length of
the elements of R as reduced words on K±1 ∪ {q±10 }.
Let ϕ˜ : F(QχK) → N be the Qχ -invariant homomorphism that is identity on K , where
QχK is the set of free Qχ -orbits spanned by K . Note we can consider {q
j
0 }j0K as a subset
of QχK , hence ϕ˜ extends ϕ. By Proposition 1, it is sufficient to show the existence of
a subset R1 of F(QχK) such that the kernel of ϕ˜ is generated as a normal subgroup by
QχR1 and there is an upper bound on the length of the elements of R1 as reduced words on
K±1 ∪ {q±10 , . . . , q±1n−1}.
To prove the existence of R1 we consider the compact subset
q−10 K ∪ q−11 K ∪ · · · ∪ q−1n−1K ∪ q0K ∪ q1K ∪ · · · ∪ qn−1K
of N . The fact that this set is compact implies the existence of a positive integer d and
elements {gi,k, fi,k}0in−1, k∈K ⊆ F({q
j
0 }j0K) such that the lengths of fi,k and gi,k as
reduced words on K±1 ∪ {q±1} are not bigger than d and ϕ(fi,k) = q−1i k, ϕ(gi,k) = qi k.0
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orbits generated by {k(q0f0,k)−1}k∈K . Using the fact that Q =⋃j∈Z Qχqj0 , we can extend
the Qχ -action on H to Q-action by q
−1
0 k = f0,k . For h ∈ H write q−1i h for the image of the
element h under the action of q−1i .
Let N0 be the normal closure of the Qχ -orbits in H generated by the set
{(
q−1i k
)
f−1i,k ,
(
qi k
)
g−1i,k
}
0in−1, k∈K.
Let B be the subgroup of H generated by the {qj0 }j0-orbits in H generated by K .
We claim that H = N0B . We show now how this claim finishes off the proof and
will establish the claim at the end of the proof. Let z0 be a positive integer such that
q−1i = λiq−z00 and qi = νiq−z00 for some λi, νi ∈ Qχ for i = 1, . . . , n − 1. Then us-
ing the relation q
−1
0 k = f0,k in H , we can find in F(QχK) a preimage of q
−z0
0 k of
length as a word on K±1 ∪ {q±10 , . . . , q±1n−1} at most dz0 . Hence for every element in
{(q−1i k)f−1i,k , (qi k)g−1i,k }i=1,...,n−1; k∈K there is a preimage in F(QχK) of length as a word
on K±1 ∪ {q±10 , . . . , q±1n−1} at most dz0 + 2d0 + d , where d0 is the upper bound on
the lengths of λi and νi for i = 1, . . . , n − 1 as words on {q±10 , . . . , q±1n−1}. Let R0
be the set of such preimages containing exactly one preimage for every element of
{(q−1i k)f−1i,k , (qi k)g−1i,k }i=1,...,n−1; k∈K . Then as the preimage of N0 in F(QχK) is in the
kernel of ϕ˜ we can define R1 = R ∪R0 ∪ {k(q0f0,k)−1}k∈K .
Finally we show the claim. Consider q ∈ Qχ . Note there exists a reduced path γq in the
grid
⋃
0kn−1 Zk × R × Zn−k−1 of Rn that starts at 1Q, finishes at q and whose vertices
are elements of Qχ . An edge in the grid with consecutive vertices q and qα is said to have
label α and the label of γq is the product of the labels of the consecutive edges. We write
γq ′ for the path obtained from γq by deleting the last edge, where q ′ is the end of γq ′ . Then
q = q ′α, where α is the label of the deleted edge. We define l(γq) as the number of edges
in γq with labels different from q±10 . The claim that qk ∈ N0B is proved using induction
on the triple (l(γq), the number of labels q−10 in γq , the length of γq ) with respect to the
lexicographical order.
Suppose α = qεii . If εi = −1 we have qk = q
′
(q
−1
i k) ∈ (q ′fi,k)N0. The element fi,k is
a product of {qj0 }j0-orbits of elements of K . If i = 0 we have l(γq ′.power of q0) < l(γq)
and by induction q ′fi,k is an element of N0B . If i = 0 we have l(γq ′.power of q0) = l(γq) but
the number of labels q−10 in γq ′.power of q0 is smaller than in γq , then by induction q
′
fi,k is
an element of N0B . If εi = 1 then qk = q ′(qi k) ∈ (q ′gi,k)N0. The element gi,k is a product
of {qj0 }j0-orbits of elements of K . If i = 0 we have l(γq ′.power of q0) < l(γq), then by
induction q ′gi,k is an element of N0B . If i = 0 we have q = q ′q0 and qk = q0(q ′k). As
l(γq) = l(γq ′), the number of entries of q−10 in γq and γq ′ is the same, the length of γq is
bigger than the length of γq ′ by induction q
′
k ∈ N0B , thus qk ∈ q0(N0B) ⊆ N0B . 
Suppose C is a submonoid of Hom(Q,R) closed under multiplication with elements
from R>0 and η is a Lie algebra satisfying the assumptions of Section 5. Following [1], we
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under ν∗ are in C. By definition NC is expηC .
Proposition 2. Let η be a Lie algebra satisfying the assumptions of Section 5. If C ∩
R0χ = ∅ then [χ] ∈ Σ2top(NC  Q).
Proof. As the intersection R0χ ∩ C is empty there exists q ∈ Qχ \ Kerχ such that
for every c ∈ C we have c(q) < 0. By Lemma 2 [χ |NC〈q〉] ∈ Σ2top(NC  〈q〉) and by
Lemma 3, [χ] ∈ Σ2top(NC Q). 
7. The colimit construction via graph of groups and its fundamental group
In this section we revise the colimit construction from [1] via the Bass–Serre theory of
graph of groups. Suppose we have a finite connected graph Γ with a set of vertices V (Γ )
and set of edges E(Γ ). For every g ∈ V (Γ )∪E(Γ ) there is a group Gg and for every edge
e and every vertex v of e there is a monomorphism ϕe,v : Ge → Gv . The colimit
G = lim→
g∈V (Γ )∪E(Γ )
Gg
of this system of groups is a group equipped with homomorphisms ϕg : Gg → G for every
g ∈ V (Γ )∪E(Γ ) such that ϕe = ϕvϕe,v and has the universal property that whenever there
is a group H equipped with homomorphisms µg : Gg → H such that µvϕe,v = µe for all
e ∈ E(Γ ) and v a vertex of e then there is a unique homomorphism π from G to H for
which πϕg = µg for every g ∈ V (Γ ) ∪E(Γ ) (see Fig. 1).
The notion of colimits of groups when the system is over a graph Γ is “close” to the
notion of the fundamental group Π of the graph of groups over Γ with vertex groups Gv
and edge groups Ge (see [7, Section 8.3] for the definition of the fundamental group of
a graph of groups). In fact, if the graph is a tree both notions coincide. In general, the
colimit is the quotient group of Π modulo the normal subgroup generated by finitely many
elements that correspond to edges of Γ outside a maximal subtree of Γ . The usefulness of
this approach is that there is a well-developed Bass–Serre theory about graph of groups and
groups acting on trees [7,13]. By the first structure theorem of the Bass–Serre theory Π
Ge
ϕe,v
ϕe
µe
Gv
ϕv
µvG
π
H
Fig. 1.
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of the groups of the graph.
This way of looking of the colimit construction explains the difficulties of extending the
results from [1] about compact presentability to higher-dimensional compact homotopical
properties Cn for an arbitrary n (for the definition of the property Cn we refer the reader
to [2]). The main construction of [1] is to assign to every group N  Q satisfying the
assumptions of Section 5 a homomorphism from a particular colimit over a finite graph to
N  Q which is an isomorphism if and only if N  Q has a compact presentation. The
groups involved in this colimit are either compact groups or are locally compact versions
of constructible soluble discrete groups and so have the compact homotopical property Cm
for every m, i.e., are of type C∞.
Suppose we could endow the fundamental group Π of this graph of groups with the
structure of a locally compact group such that the induced topology on the vertex groups
of the colimit is the original topology and that the kernel Π0 of the homomorphism
Π → N Q is closed in this topology. Note that Π acts on the universal cover associated
to our graph of groups with cell stabilizers conjugate to the vertex groups of the colimit.
If a compact version of Brown’s theorem [6] about groups acting on trees with stabilizers
with “good” finiteness properties holds the fundamental group Π is of compact homotopi-
cal type C∞. The problem is that our colimit is a quotient of Π by a normal subgroup
Π0 generated as a normal subgroup by finitely many elements. So we could only deduce
that the colimit is compactly presented, i.e., of type C2 but cannot say anything about
the higher-dimensional properties Cm or its homological version CPm without studying in
detail Π0.
8. Colimits and Σ2top
Theorem 7. Let Γ be a finite graph of locally compact, topological groups
{Mg}g∈V (Γ )∪E(Γ ). Suppose the colimit M of this system could be topologised so that it
becomes a locally compact topological group and the induced topology on the images Tg
of Mg in M coincides with the quotient topology induced by the surjection Mg → Tg .
Suppose Q is a discrete, free abelian group of finite rank, Q acts via topological automor-
phisms on all Mg and these actions are compatible with the maps in the graph of groups,
in particular this induces an action of Q on M . Define G = M  Q.
Suppose χ : G → R is a non-trivial character with M ⊂ Kerχ and for every g ∈
E(Γ ) ∪ V (Γ ) the character χg of Gg = Mg  Q given by χg(Mg) = 0, χg|Q = χ |Q
has the property [χg] ∈ Σmgtop (Gg) where mg = 2 for g ∈ V (Γ ) and mg = 1 for g ∈ E(Γ ).
Then [χ] ∈ Σ2top(G).
Proof. The fact that [χ] ∈ Σ1top(G) is a straight corollary of the first part of Proposition 1.
Indeed as [χg] ∈ Σ1top(Gg) for every g ∈ V (Γ ) there is a compact subset Xg of Mg such
that {qxq−1 | q ∈ Qχ, x ∈ Xg} generates Mg as an abstract group. In particular, the image
of {qxq−1 | q ∈ Qχ, x ∈⋃g∈V (Γ ) Xg} in M generates M and hence [χ] ∈ Σ1top(G). Fur-
thermore, as [χe] ∈ Σ1top(Ge) we can assume that for every edge e there is a fixed compact
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of e we have ϕe,g(Xe) ⊆ Xg .
Now let X = ⋃g∈V (Γ ) Xg , F(QχX) be the free group on the disjoint union of free
Qχ -orbits spanned by X and
π : F (QχX)→ M
be the homomorphism sending every qx to the image of qxq−1 ∈ ⋃g∈V (Γ )Mg in⋃
g∈V (Γ ) Tg , where x ∈ X, q ∈ Qχ . By Proposition 1 for g ∈ V (Γ ) and Xg suffi-
ciently large the kernel of the surjective homomorphism πg : F(QχXg) → Mg sending
qx to qxq−1 is generated as a normal subgroup by QχRg where all elements of Rg
have length as reduced words on X±1g ∪ Q±11 not bigger than some positive integer dg
and Q1 is a fixed basis of Q. Then the kernel of π as a normal subgroup is gener-
ated by QχR and QχA, where R = ⋃g∈V (Γ ) Rg and A = {ϕe,v1(x)ϕe,v2(x)−1 | x ∈ Xe,
e ∈ E(Γ ), v1, v2 are the ends of e}. As ϕe,vi (Xe) ⊆ Xvi , the elements of A have length 2.
Since Γ is a finite graph, the length of the elements of R ∪ A is bounded above by
max{2, dg | g ∈ V (Γ )} < ∞.
Note that X might not embed in M . Define X0 = π(X), a compact subset of M and
π0 : F(QχX0) → M be the homomorphism sending qx to qxq−1 for x ∈ X0, q ∈ Qχ .
Let R0 be the image of R under the Qχ -homomorphism of groups F(QχX) → F(QχX0)
induced by the restriction of π to X. Then ker(π0) is the normal group generated by QχR0
and there is an upper bound on the length of the elements of R0 as reduced words on
X±10 ∪Q±11 . Then we can deduce our theorem from Proposition 1. 
9. Commutators in the Lie algebra η
In this section we assume η is a Lie algebra satisfying the assumptions of Section 5.
Consider the descending central series η = η1 ⊃ η2 ⊃ · · · ⊃ ηm = 0 of η and for a homo-
morphism α ∈ Hom(Q,R) define
ηαi = ηα ∩ ηi,
where ηα is the direct sum of the spaces ηµ over all weights µ ∈ Hom(Q,K∗) of η such
that ν∗(µ) = α. For C a submonoid of Hom(Q,R) we define
ηCi =
⊕
α∈C
ηαi .
By the restrictions imposed on η in Section 5 there is a K[Q]-submodule V of η such that
η = V ⊕ η2 and V ⊆
⊕
ηα1 .
α∈R
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ηi =
⊕
ji
Vj and define V αj = Vj ∩ ηα.
Definition. We say that a real character β of Q is decomposable with respect to an R-
subspace T of Hom(Q,R) if for every i such that V βi = 0 the K-vector space V βi is
decomposable with respect to T , i.e.,
V
β
i =
∑[
V αk ,V
γ
l
]
,
where the sum is over all integers k, l and real characters α and γ of Q such that i = k+ l,
β = α+γ and both α and γ are not in T . As ηβi =
⊕
ji V
β
j whenever β is decomposable
with respect to T we have a similar decomposition for ηβi , i.e.,
η
β
i =
∑[
ηαk , η
γ
l
]
,
where the sum is over all integers k, l and real characters α and γ of Q such that i = k+ l,
β = α + γ and both α and γ are not in T .
Definition. Throughout this paper an open ray in Hom(Q,R) means R>0µ for some
non-trivial character µ ∈ Hom(Q,R). We say that an open ray β in Hom(Q,R) is decom-
posable with respect to an R-subspace T of Hom(Q,R) if for every i such that V βi = 0,
V
β
i ⊆
∑[
V αk ,V
γ
l
]
,
where the sum is over all integers k, l and open rays α and γ in Hom(Q,R) such that
i = k + l, β ⊆ conv{α,γ } and both α and γ are not in T .
Lemma 4. Suppose (conv2(R>0R)) ∩ R0χ = ∅ and β ∈ Hom(Q,R) \ {0} such that
for some χ1 ∈ R>0R the closed ray R0χ intersects the convex hull of R>0χ1 and R>0β .
Then β is decomposable with respect to the R-space T spanned by χ,χ1, and β .
Proof. We start with the observation that since (R0χ)∩ (conv2(R>0R)) = ∅ the char-
acter β is not in R>0R, hence not in R and so V β1 = 0. We proceed by induction on i  2
to show that if V βi = 0 then V βi =
∑
k+l=i, β1,β2 /∈T , β1+β2=β [V
β1
k ,V
β2
l ]. As η is generated
as a Lie algebra by V = V1,
V
β
i =
∑[
V αi−1,V
γ
1
]
,
where the sum is over all real characters α and γ such that β = α+γ and γ ∈R. It remains
only to deal with the summands [V αi−1,V γ1 ] for which α and γ are in T . Note that α = 0
as β /∈ R>0R.
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Proof. The proof of the claim is long and considers different possibilities for the rays
spanned by α,β, γ,χ , and χ1. Note that since χ is not a positive multiple of an element of
R we have R>0χ = R>0χ1.
(I) First we assume α,β , and γ do not span a line. Then T is spanned by α and γ .
(1) Suppose R0χ∩conv{R>0α,R>0χ1} = ∅ and T is spanned by α,χ1, and χ . Then
by induction on i , V αi−1 is decomposable with respect to T .
(2) Suppose R0χ ∩ conv{R>0α,R>0χ1} = ∅ and T is not spanned by α,χ1, and χ .
Then χ,χ1, and α span a line and the rays spanned by α and χ1 are either antipodal
or the same. By assumption R0χ intersects conv{R>0β,R>0χ1}, β and χ1 are
not antipodal (otherwise β,χ ∈ R>0α, γ ∈ R>0χ1 and so α, β , γ span a line,
a contradiction) and hence χ ∈ conv{R>0β,R>0χ1} ∩ Rχ1 = R>0χ1 ⊆ R>0R,
a contradiction.
(3) Suppose R0χ ∩ conv{R>0α,R>0γ } = ∅. By induction on i , V αi−1 is decompos-
able with respect to the R-space spanned by γ,χ , and α, which is precisely T .
From now on we assume that
R0χ ∩
(
conv{R>0α,R>0χ1} ∪ conv{R>0α,R>0γ }
)= ∅.
There are several more possibilities to consider. In (5)–(7) we will get a contradic-
tion to the assumption cited above.
(4) Suppose α,γ , and χ1 do not lie in a half closed subspace of T . Then χ ∈
conv{R>0χ1, R>0γ } ∈ conv2(R>0R), a contradiction.
(5) Suppose χ1 ∈ conv{R>0α,R<0γ }. Then χ is an element of conv{R>0χ1,R>0β}
⊆ conv{R>0α, R>0χ1} ∪ conv{R>0α,R>0γ }, a contradiction.
(6) Suppose χ1 ∈ conv{R>0γ,R<0α}. Then χ ∈ conv{R>0β,R>0χ1} ⊆ conv{R>0α,
R>0χ1}, a contradiction.
(7) Suppose χ1 ∈ conv{R>0α,R>0γ }. Then χ is an element of conv{R>0χ1,R>0β} ⊆
conv{R>0α,R>0γ }, a contradiction.
(II) Finally it remains to consider the case when α,β , and γ span a line. Then the space
spanned by χ,χ1, and α is T and so by induction on i , V αi−1 is decomposable with
respect to the space T . This completes the proof of the claim.
Now by the inductive hypothesis we can decompose those V αi−1 = 0 for which α ∈ T as∑[V α1r , V α2s ] where the sum is over r, s, α1, and α2 such that r + s = i − 1, α1 + α2 = α
and α1 and α2 are not in T . Using the Jacobi identity whenever α ∈ T and V αi−1 = 0, we
have
[
V αi−1,V
γ
1
]=∑[V α1r , V α2s , V γ1 ]⊆∑[V α1r , V γ1 ,V α2s ]+∑[V γ1 ,V α2s , V α1r ]
⊆
∑[
V
α1+γ ,V α2s
]+∑[V γ+α2 ,V α1r ]⊆ V βr+1 1+s i
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∑[V α1+γr+1 ,V α2s ] +∑[V γ+α21+s , V α1r ] for [V αi−1,V γ1 ] in the expression of V βi .
Lemma 5. Suppose R0χ ∩ conv2(R>0R) = ∅. Suppose µ is a non-zero real character
of Q such that the open ray R>0µ does not contain χ and µ /∈ R>0R. Then
η
µ
1 =
∑
α,β
[
ηα1 , η
β
1
]
,
where the sum is over all characters α and β such that α + β = µ, the convex hull of α,β
does not intersect R0χ and either β ∈R or β is not in the R-space V spanned by µ
and χ .
Proof. As µ /∈ R it follows that there exists a decomposition ηµ1 =
∑
α,β [ηα1 , ηβ1 ] with
α + β = µ, β ∈ R. We note that in the above expression α = 0 otherwise µ = β ∈ R,
a contradictions. Assume that the convex hull C of some α,β intersects R0χ . By
Lemma 4 α is decomposable with respect to the subspace W spanned by χ , α, and β
and W = V . Then ηα1 =
∑
α1,α2
[ηα11 , ηα21 ] where the sum is over the characters α1, α2 such
that α1 + α2 = α, α1, α2 are not in V . By the Jacobi formula
[
ηα1 , η
β
1
]= [ ∑
α1,α2
[
η
α1
1 , η
α2
1
]
, η
β
1
]
⊆
∑
α1,α2
[
η
α1+β
1 , η
α2
1
]+ ∑
α1,α2
[
η
α2+β
1 , η
α1
1
]
.
We claim that R0χ does not intersect C1 ∪ C2, where C1 and C2 are the convex hulls
of α1 + β,α2 and of α2 + β , α1, respectively. Then we substitute [ηα1 , ηβ1 ] with the above
expression in the formula for ηµ1 .
Suppose R0χ intersects C1 and consider two cases. First, let α and β span different
lines. Using the fact that R0χ intersects the convex hull of α = α1 +α2 and β , we deduce
that R0χ contains α1 + α2 + β = µ, contradiction.
Now suppose that α and β span the same line and this line does not contain χ . If χ ∈ C1
then V coincides with the subspace spanned by α,α1, and α2, a contradiction with αi /∈ V .
If χ is not in C1 then 0 ∈ C1 and hence α2 ∈ R<0(α1 +β). As β ∈ R<0(α1 +α2) it follows
that µ = α1 + α2 + β = 0, a contradiction.
Finally, we consider the case when α and β span the same line and this line contains χ .
If R>0α = R>0β then R>0µ = R>0β ⊆ R>0R, a contradiction. Then R>0α = R<0β =
R>0µ. As χ /∈ R>0R, χ and β are antipodal. In particular R>0χ = R>0µ, a contradic-
tion. 
10. Definition of the colimit M
In this section we work under the assumptions of Section 5 and discuss the fact that
a particular colimit M of nilpotent groups is nilpotent itself. The proof is very long and
involves lengthy commutator calculations. Our approach to establish nilpotence is different
from the one used in [1, Section 4.4]. The core of our argument is Lemma 4 established in
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formula
[
a, b−1, c
]b
.
[
b, c−1, a
]c
.
[
c, a−1, b
]a = 1
conjugates are involved, where [a, b] = a−1b−1ab and ab = b−1ab. Throughout the paper
all commutators are left normed. Most of the time it will be sufficient to use the following
weaker form of the Witt formula:
[A,B,C] ⊆ [B,C,A].[C,A,B],
where A, B , and C are subgroups of a group G, overlining stands for normal closure in
G and [A,B] is the subgroup generated by {[a, b] | a ∈ A, b ∈ B}. For C a submonoid of
Hom(Q,R) we define
NCi = expηCi = exp
(
ηi ∩ ηC
)
.
Consider the submonoids C of Hom(Q,R)  Rn that do not intersect the closed ray R0χ
and C contains at least one element of W(η), where n is the rank of the free abelian group
Q and W(η) is the set of weights of η. We say that any two such submonoids C1 and C2 are
equivalent if C1 ∩W(η) = C2 ∩W(η). The set of equivalence classes of these monoids is
denoted by C and the equivalence class of C1 is denoted by [C1]. Note that for [C1] = [C2]
we have ηC1 = ηC2 , hence NC1 = NC2 . As η is finite-dimensional W(η) is finite and hence
C is finite.
Now let Γ be the graph with the set of vertices C and two vertices [C1] and [C2] are
connected with an edge denoted by [C1 ∩ C2] if C1 ∩ C2 ∩ W(η) = ∅. Define a graph of
groups with underlying graph Γ with a vertex group NC corresponding to the vertex [C]
and an edge group NC1∩C2 corresponding to the edge [C1 ∩C2], the monomorphism from
an edge group to a vertex group is the inclusion map. Denote by M the colimit of this graph
of groups. For every [C] ∈ C the image of the vertex or edge group NCi in M is denoted
by MCi .
Lemma 6. Suppose that R0χ ∩R= ∅.
(1) Then the homomorphism θ : M → N , induced by the identity maps of NC for [C] ∈ C ,
is surjective and induces an isomorphism MCi  NCi .
(2) The group M is generated as an abstract group by⋃S MS1 , where the union is over all
open rays S in Hom(Q,R) \ R0χ such that NS1 = 1.
Proof. (1) The surjectivity of the map θ is equivalent to ⋃[C]∈CNC being a generating set
of N . This holds if and only if
⋃
[C]∈C ηC generates η if and only if the image of
⋃
[C]∈C ηC
in ηab = η/[η,η] generates ηab. The last condition is equivalent with R0χ ∩ R = ∅.
Note that the composition of the canonical projection ϕCi : NCi → MCi with θ induces the
identity on NC , hence ϕC and the restriction of θ to MC are both isomorphisms.i i i
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union of the vertex groups
⋃
[C]∈CMC1 . Furthermore, M
C
1 is an isomorphic image of the
nilpotent group NC1 and N
C
1 is generated by
⋃
S N
S
1 where the union is over all open
rays S that are weights of the abelianization of ηC , i.e., S ⊆ C and hence S = R>0χ (see
[1, 4.4.6]). 
Now we fix a positive integer i0 such that
(1) for some open ray S0 in Hom(Q,R) \ R0χ we have ηS0i0 = 0;(2) if ηi0+1 is non-zero, then all weights of ηi0+1 are in R0χ .
We remind the reader that throughout this paper an open ray in Hom(Q,R) means
R>0µ for some non-trivial character µ ∈ Hom(Q,R).
Theorem 8. Suppose that R0χ ∩ conv2(R>0R) = ∅. For all open rays S1, . . . , Si0+1 in
Hom(Q,R) \ R0χ we have
[
M
S0
i0
,M
S1
1 , . . . ,M
Si0+1
1
]= 1.
Furthermore, if the open ray R<0χ does not contain weights of η, then [MS0i0 ,M
S1
1 ,
M
S2
1 ] = 1.
The proof of Theorem 8 is rather long and technical. Theorem 8 follows from Proposi-
tion 4 in Section 11. We show first how it implies that M is nilpotent.
Theorem 9. Suppose that R0χ ∩ conv2(R>0R) = ∅. Then M is a nilpotent group and
the nilpotency class of M is bounded above by g(α(N)) where g(x) is the polynomial
1
2x
2 + 32x and α(N) is the number i0 associated to η. In particular, the nilpotency class of
M is bounded above by g(n(N)), where n(N) is the nilpotency class of N .
Proof. The second part of the corollary follows immediately from the first one as the
nilpotency class of N is at least α(N) and g is an increasing function on N. The proof of
the first part of the corollary uses induction on i0. If i0 = 1 then by Theorem 8 and Lemma 6
M is nilpotent of class not bigger than 2. For the inductive step we assume the theorem
is true for smaller values of i0. Let N0 be the quotient group of N modulo the normal
subgroup generated by all NS0i0 , where S0 is any open ray in Hom(Q,R) \ R0χ with
N
S0
i0
= 1. Note that N0 = expη0, where η0 is the quotient of η modulo the ideal generated
by all ηS0i0 . We define the colimit M0 in the same way as the colimit M using as building
blocks the subgroups of N0 whose weights generate a monoid not intersecting R0χ . By
induction M0 is nilpotent of class not bigger than g(i0 − 1). By the universal property of
colimits the nilpotent group M0 maps surjectively to the quotient group T of M modulo
the normal subgroup generated by all MS0i0 , hence T is nilpotent of class at most g(i0 − 1).
Finally, by Theorem 8 the nilpotency class of M is at most the nilpotency class of M0 plus
i0 + 1. Iterating this argument, we see that the nilpotency class of M is bounded above by
g(i0 − 1)+ i0 + 1 = 2 + · · · + (i0 + 1)= 12 i0(i0 + 3). 
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In this section we work under the assumptions of Section 10, i.e.,
R0χ ∩ conv2(R>0R) = ∅
and M is the colimit defined in Section 10. The section is devoted to some commutator
calculations that lead to the proof of Theorem 8. Some of the proofs are long, many auxil-
iary lemmas are required. For a set {t1, . . . , ts} of open rays in Hom(Q,R) the convex hull
of
⋃
1is ti is denoted by conv{t1, . . . , ts}.
Lemma 7. For every two open rays S1 and S2 in Hom(Q,R) such that the convex hull C
of S1 and S2 does not intersect the closed ray R0χ we have
[
M
S1
i ,M
S2
j
]⊆ MCi+j = 〈MSi+j ∣∣ S open ray in C〉.
Furthermore, if S1 = S2, [MS1i ,MS2j ] ⊆ MC\(S1∪S2)i+j = 〈MSi+j | S open ray in C\(S1 ∪S2)〉.
Proof. By Campbell–Hausdorff formula,
[
N
S1
i ,N
S2
j
]⊆ NCi+j = 〈NSi+j ∣∣ S open ray in C〉
and if S1 = S2,[
N
S1
i ,N
S2
j
]⊆ NC\(S1∪S2)i+j = 〈NSi+j ∣∣ S open ray in C \ (S1 ∪ S2)〉.
As C does not intersect R0χ by definition MCi+j is an isomorphic image of NCi+j and we
obtain immediately the announced inclusions. 
Lemma 8.
(1) Suppose S is an open ray in Hom(Q,R) \ R0χ such that S is decomposable with
respect to the R-space V spanned by S and χ , i.e., for every i we have ηSi =∑
α,β,j+k=i (ηSi ∩ [ηαj , ηβk ]) where the sum is over all j + k = i and all open rays
α,β ∈ Hom(Q,R) \ V such that S is in the convex hull of α,β . Then
MSi ⊆
〈 ⋃
α,β,j+k=i
[
Mαj ,M
β
k
]〉
,
where the union is over the index set of the sum.
(2) Suppose S is an open ray in Hom(Q,R) \ (R>0χ ∪ R>0R). Then
MS1 ⊆
〈⋃[
Mα1 ,M
β
1
]〉
,α,β
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and β , C does not intersect R0χ and either β contains an element of R or β is not
in the R-space spanned by S and χ .
Proof. (1) By the last paragraph of the proof of [1, 4.4.7],
exp
(
ηSi ∩
[
ηαj , η
β
k
])⊆ NSi ∩ [Nαj ,Nβk ]
for α,β open rays in Hom(Q,R), S an open ray in the convex hull of α,β , S not a subset of
the lines spanned by α and β . Let B be the set {x ∈ NSi | ϕSi (x) ∈ 〈
⋃
α,β,j+k=i[Mαj ,Mβk ]〉},
where the union is over all open rays α, β from the decomposition of ηSi given by the
assumptions and ϕSi : NSi → MSi is the isomorphism given by the definition of MSi . Then
exp(ηSi ∩ [ηαj , ηβk ]) ⊆ B . Furthermore, by [1, 2.5.9] for {Vj }j a set of K-subspaces of η
we have exp〈⋃j Vj 〉 = 〈⋃j expVj 〉, where 〈 〉 denotes generating a Lie subalgebra or a
subgroup depending on the context. Then
NSi = exp
(
ηSi
)= exp(∑ηSi ∩ [ηαj , ηβk ])= 〈⋃ exp(ηSi ∩ [ηαj , ηβk ])〉⊆ B.
(2) The proof is the same as the proof of part (1). This time we use Lemma 5 to deduce
that
ηS1 =
∑
α,β
(
ηS1 ∩
[
ηα1 , η
β
1
])
,
where the sum is over all open rays α,β such that S is in the convex hull C of α and β , C
does not intersect R0χ and either β contains an element of R or β is not in the R-space
spanned by S, χ and we continue as in part (1). Note that for such open rays α and β the
open ray S is not a subset of the lines spanned by α and β . 
Lemma 9. Suppose S1, S2, and S3 are three open rays in Hom(Q,R) \R0χ that span an
R-space of dimension three and χ is in the convex hull of S1 and S2. Then for every triple
of positive integers i, j, k the left-normed commutator [MS1i ,MS2j ,MS3k ] is in the normal
closure in M of the subgroup generated by ⋃S MSi+j+k where the union is over all open
rays S ⊆ conv{S1, S2, S3} \⋃1i<j3 conv{Si, Sj }.
Furthermore, if for every open ray T in Hom(Q,R) \ R0χ the subgroup NTi+j+1 is
trivial
[[
M
S1
i ,M
S2
j
]
,M
S3
k
]= 1.
Proof. By the second part of Lemma 7 for C = conv{S2, S3},
[
M
S2,M
S3
]⊆ MC\(S2∪S3) = 〈MS ∣∣ S is an open ray in C \ (S2 ∪ S3)〉.j k j+k j+k
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The convex hull C1 of S1 and one such open ray S does not intersect R0χ (Fig. 2) and so
[
MSj+k,M
S1
i
]⊆ MC1\(S∪S1)j+i+k = 〈MTj+i+k ∣∣ T is an open ray in C1 \ (S ∪ S1)〉.
Then [MS2j ,MS3k ,MS1i ] is in the normal closure of the subgroup of M generated by
{MTi+j+k | T an open ray in conv{S1, S2, S3} \
⋃
i<j conv{Si, Sj }}. The same holds for
[MS3k ,MS1i ,MS2j ] and the proof of the first part of the lemma is completed by the Witt
formula
[
M
S1
i ,M
S2
j ,M
S3
k
]⊆ [MS2j ,MS3k ,MS1i ].[MS3k ,MS1i ,MS2j ].
Now we assume NTi+j+1 = 1 for every open ray T = R>0χ and hence MTi+j+1 = 1. As
by Lemma 6, M is generated by Mγ1 where γ runs through the open rays in Hom(Q,R) \
R0χ the equality [[MS1i ,MS2j ],MS3k ] = 1 is equivalent to
[
M
S1
i ,M
S2
j ,M
γ1
1 , . . . ,M
γs
1 ,M
S3
k
]= 1
for s  0 and for arbitrary open rays γ1, . . . , γs ⊂ Hom(Q,R) \ R0χ . To prove that the
last long commutator is trivial we use induction on s, the case s = 0 follows from the first
part of the lemma. If γs together with S1 and S2 span three-dimensional space over R by
induction [
M
S1
i ,M
S2
j ,M
γ1
1 , . . . ,M
γs
1
]= 1.
If γs is in the R-space spanned by S1 and S2 we use the Witt formula
[
M
S1
i ,M
S2
j ,M
γ1
1 , . . . ,M
γs
1 ,M
S3
k
]
⊆ [MS1i ,MS2j ,Mγ11 , . . . ,Mγs−11 ,MS3k ,Mγs1 ].[MS1i ,MS2j ,Mγ11 , . . . ,Mγs−11 , [Mγs1 ,MS3k ]].
By induction the first commutator is trivial. Note that since S3 and γs span different lines
and R0χ ∩ conv{γs, S3} = ∅,
[
M
γs ,M
S3
]⊆ Mconv{S3,γs}\(S3∪γs ) = 〈MS ∣∣ S is an open ray in conv{S3, γs} \ (S3 ∪ γs)〉.1 k k+1 k+1
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space. Then by induction [MS1i ,MS2j ,Mγ11 , . . . ,Mγs−11 ,MSk+1] = 1 and hence 1 = [MS1i ,
M
S2
j ,M
γ1
1 , . . . , [Mγs1 ,MS3k ]]. This completes the proof of the lemma. 
Lemma 10. Suppose S1 and S2 are open rays in Hom(Q,R) that span different lines and
χ /∈ conv{S1,−S1, S2}. Then the (left-normed) commutator [MS1i ,M−S1j ,MS2k ] is in the
normal closure in M of the subgroup generated by ⋃S MSi+j+k , where the union is over
all open rays S ⊆ conv{S1,−S1, S2} \ (S1 ∪−S1). Furthermore, if for every open ray T in
Hom(Q,R) \ R0χ the subgroup NTi+j+1 is trivial and χ is not in the R-space spanned
by S1 and S2, we have
[[
M
S1
i ,M
−S1
j
]
,M
S2
k
]= 1.
Proof. We start with the observation that by the Witt formula
[
M
S1
i ,M
−S1
j ,M
S2
k
]⊆ [M−S1j ,MS2k ,MS1i ].[MS2k ,MS1i ,M−S1j ].
Using twice the second part of Lemma 7, we deduce that [M−S1j ,MS2k ,MS1i ] is in
the normal closure of
⋃
S M
S
i+j+k in M where the union is over all open rays S in
conv{S1,−S1, S2} \ (S1 ∪ −S1). Similarly [MS2k ,MS1i ,M−S1j ] is in the normal closure of⋃
S M
S
i+j+k in M where the union is over all open rays S in conv{S1,−S1, S2}\(S1∪−S1).
It remains to prove that
[
M
S1
i ,M
−S1
j ,M
γ1
1 , . . . ,M
γr
1 ,M
S2
k
]= 1
for r  0 and every set of open rays γ1, . . . , γr in Hom(Q,R) \ R0χ , provided
NTi+j+1 = 1 for every open ray T in Hom(Q,R) \ R0χ and χ is not in the R-space
spanned by S1 and S2. This is proved by induction on r , the case r = 0 follows from the
first part of the lemma. If the R-space V spanned by γr and S1 is two-dimensional and
χ /∈ V by induction
[
M
S1
i ,M
−S1
j ,M
γ1
1 , . . . ,M
γr
1
]= 1.
Suppose V does not have the above properties, i.e., either γr ⊂ (S1 ∪ −S1) or V is two-
dimensional and χ ∈ V . Note that in both cases γr and S2 span different lines and χ is not
in the convex hull of γr and S2. Then by Lemma 7,[
M
γr
1 ,M
S2
k
]⊆ 〈MSk+1 ∣∣ S is an open ray in conv{γr, S2} \ (γr ∪ S2)〉,
in particular the R-space spanned by any such S and S1 is two-dimensional and does not
contain χ . Thus by induction
[
M
S1,M
−S1,Mγ1, . . . ,Mγr−1,
[
M
γr ,M
S2
]]= 1.i j 1 1 1 k
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[
M
S1
i ,M
−S1
j ,M
γ1
1 , . . . ,M
γr
1 ,M
S2
k
]⊆ [MS1i ,M−S1j ,Mγ11 , . . . ,Mγr−11 , [Mγr1 ,MS2k ]]
.
[
M
S1
i ,M
−S1
j ,M
γ1
1 , . . . ,M
γr−1
1 ,M
S2
k ,M
γr
1
]= 1. 
Theorem 10. Suppose (S0, S1, S2) is a triple of open rays in Hom(Q,R) \ R0χ where
i0 and S0 are defined in Section 10 and S0 is decomposable with respect to the R-space V
spanned by S0 and χ . Then either
[
M
S0
i0
,M
S1
1 ,M
S2
1
]= 1
or each of the following three conditions holds:
(1) S0, S1, and S2 span a two-dimensional R-space, and neither two of them lie on a line,
(2) χ ∈ −S2,
(3) χ is in the convex hull of S0 and S1.
Proof. As the proof is long it is split in several cases. We assume that the triple (S0, S1, S2)
does not satisfy all the conditions (1)–(3). Then we will show that the commutator
[MS0i0 ,M
S1
1 ,M
S2
1 ] is trivial.
(I) We assume first that S0 and S1 span different lines.
Case 1. Suppose the convex hull C of S0 and S1 is a submonoid of Hom(Q,R) that
does not intersect R0χ . Since ηi0+1 is either trivial or has weights in R0χ , we have
MSi0+1 = 1 for every open ray S in Hom(Q,R) \ R0χ and hence[
M
S0
i0
,M
S1
1
]⊆ MCi0+1 = 〈MSi0+1 ∣∣ S is an open ray in conv{S0, S1}〉= 1.
Case 2. Suppose χ ∈ conv{S0, S1} and S0, S1, and S2 span a three-dimensional R-space.
Then by Lemma 9, [MS0i0 ,M
S1
1 ,M
S2
1 ] = 1.
Case 3. From now on we assume that χ ∈ conv{S0, S1} and S0, S1, and S2 span an R-space
of dimension two, obviously this space is the space V spanned by S0 and χ . Since S0 is
decomposable with respect to V by Lemma 8,
M
S0
i0
⊆
〈⋃[
Mαj ,M
β
i0−j
]〉
,
where the union is over all 1 j  i0 − 1 and open rays α,β such that S0 is in the convex
hull of α and β , both α and β do not lie in V . Note that
[
M
β
,M
S1
]⊆ MC1 = 〈MS ∣∣ S is an open ray in C1〉,i0−j 1 i0−j+1 i0−j+1
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where C1 = conv{β,S1} \ (S1 ∪β). If χ is not in the convex hull C2 of α and an open ray S
from C1, then
[
MSi0−j+1,M
α
j
]⊆ MC2i0+1 = 〈MTi0+1 ∣∣ T is an open ray in C2〉= 1.
Then
[
M
β
i0−j ,M
S1
1 ,M
α
j
]⊆ [Mα1i0−j+1,Mαj ],
where α1 is the intersection of C1 with the R-space spanned by α and χ , i.e., α1 is an open
ray (see Fig. 3). Similarly
[
M
S1
1 ,M
α
j ,M
β
i0−j
]⊆ [Mβ1j+1,Mβi0−j ],
where β1 is the intersection of the convex hull of α and S1 with the R-space spanned by β
and χ , i.e., β1 is an open ray (see Fig. 3).
By Witt formula, [Mαj ,Mβi0−j ,M
S1
1 ] ⊆ [Mβi0−j ,M
S1
1 ,M
α
j ].[MS11 ,Mαj ,Mβi0−j ] and hence
[
M
S0
i0
,M
S1
1
]⊆ 〈 ⋃
α,β,j
[
Mαj ,M
β
i0−j ,M
S1
1
]〉⊆ 〈 ⋃
α,β,j
[
M
α1
i0−j+1,M
α
j
]
.
[
M
β1
j+1,M
β
i0−j
]〉
.
Note that −χ /∈ S2 otherwise the triple (S0, S1, S2) will satisfy all three properties (1)–(3).
As −χ /∈ S2 the line spanned by χ is not S2 and α1, α, and S2 span a three-dimensional
space. Similarly β1, β , and S2 span another three-dimensional space. By the second part of
Lemma 9,
[[
M
α1
i0−j+1,M
α
j
]
,M
S2
1
]= 1 = [[Mβ1j+1,Mβi0−j ],MS21 ]
and hence [MS0i0 ,M
S1
1 ,M
S2
1 ] ⊆ [〈
⋃
α,β,j [Mα1i0−j+1,Mαj ].[M
β1
j+1,M
β
i0−j ]〉,M
S2
1 ] = 1, as re-
quired.
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line.
Case 4. Suppose S0 = S1. Then χ /∈ conv{S0, S1} and we can repeat the calculations from
Case 1.
Case 5. Suppose S0 = −S1 and S2 is not contained in the line spanned by S0.
5.1. Suppose χ /∈ conv{S0, S1, S2}. Then by Lemma 10, [MS0i0 ,M
S1
1 ,M
S2
1 ] is in the nor-
mal subgroup of M generated by MSi0+2, where S is an open ray in conv{S0,−S0, S2} \
(S0 ∪ −S0). As S = R>0χ and ηi0+1 if not trivial has weights only in R0χ , we have
MSi0+2 = 1. In particular, [M
S0
i0
,M
S1
1 ,M
S2
1 ] = 1.
5.2. Suppose χ ∈ conv{S0, S1, S2}. As S0 is decomposable with respect to the R-
subspace V spanned by S0 and χ , by Lemma 8
M
S0
i0
⊆
〈⋃[
Mαj ,M
β
i0−j
]〉
,
where the union is over all 1 j  i0 − 1 and open rays α and β in Hom(Q,R) such that
S0 is in conv{α,β} and α and β are not in V (see Fig. 4). In particular, the open rays α,β ,
and S1 span two-dimensional R-space that does not contain χ and hence R0χ does not
intersect conv{α,S1} ∪ conv{β,S1}. Then
[
M
β
i0−j ,M
S1
1
]⊆ 〈MSi0−j+1 ∣∣ S is an open ray in conv{β,S1} \ (β ∪ S1)〉.
For any such S if S = −α the convex hull C∗ of S and α does not intersect R0χ and
hence [MSi0−j+1,Mαj ] ⊆ MC
∗
i0+1 = 1. Thus
[
M
β
i0−j ,M
S1
1 ,M
α
j
]⊆ [M−αi0−j+1,Mαj ].
Similarly
[
M
S1
1 ,M
α
j ,M
β
i0−j
]⊆ [M−βj+1,Mβi0−j ].
Fig. 4.
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[
M
S0
i0
,M
S1
1
]⊆ 〈 ⋃
α,β,j
[
Mαj ,M
β
i0−j ,M
S1
1
]〉⊆ 〈 ⋃
α,β,j
[
M
β
i0−j ,M
S1
1 ,M
α
j
][
M
S1
1 ,M
α
j ,M
β
i0−j
]〉
⊆
〈 ⋃
α,β,j
[
M−αi0−j+1,M
α
j
][
M
β
i0−j ,M
−β
j+1
]〉
.
By the second part of Lemma 10,
[[
M−αi0−j+1,M
α
j
]
,M
S2
1
]= 1 and [[Mβi0−j ,M−βj+1],MS21 ]= 1
and hence [MS0i0 ,M
S1
1 ,M
S2
1 ] = 1, as required.
Case 6. Suppose S0, S1, and S2 span a line. As the case S0 = S1 has been considered
already it remains only to deal with the case S0 = −S1 = ±S2. By assumption S0 is de-
composable with respect to the R-space V spanned by S0 and χ . By Lemma 8,
M
S0
i0
⊆
〈 ⋃
α,β,j
[
Mαj ,M
β
i0−j
]〉
,
where the union is over all 1 j  i0 − 1 and α and β are open rays such that S0 is in the
convex hull of α and β , neither α nor β is in the R-space V .
By the Witt formula [MS0i0 ,M
S1
1 ] is a subset of
〈 ⋃
α,β,j
[
Mαj ,M
β
i0−j ,M
S1
1
]〉⊆ 〈 ⋃
α,β,j
[
M
β
i0−j ,M
S1
1 ,M
α
j
]
.
[
M
S1
1 ,M
α
j ,M
β
i0−j
]〉
.
Fig. 5.
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problem when doing calculations with weights in the R-space spanned by α and β can
occur when we have antipodal rays. Taking this in account, we obtain
[
M
β
i0−j ,M
S1
1 ,M
α
j
]∪ [MS11 ,Mαj ,Mβi0−j ]⊆ [Mαj ,M−αi0+1−j ].[Mβi0−j ,M−βj+1].
By Lemma 10, both [Mαj ,M−αi0+1−j ] and [M
β
i0−j ,M
−β
j+1] commute with MS21 , hence
[
M
S0
i0
,M
S1
1 ,M
S2
1
]⊆ [〈 ⋃
α,β,j
[
Mαj ,M
−α
i0+1−j
]
.
[
M
β
i0−j ,M
−β
j+1
]〉
,M
S2
1
]
= 1. 
Proposition 3. Suppose S1 is an open ray in Hom(Q,R) \ R0χ and the ray S0 defined
in Section 10 has the property that S0 is not decomposable with respect to the R-space V
spanned by S0 and χ . Then [MS0i0 ,M
S1
1 ] = 1.
Proof. Note that we can assume that the convex hull C of S0 and S1 intersects R0χ .
Otherwise [MS0i0 ,M
S1
1 ] ⊆ 〈MJi0+1 | J an open ray in conv{S0, S1}〉 = 1. Assume now that
[MS0i0 ,M
S1
1 ] = 1. As there are only finitely many weights of η, we can further assume that
the angle between S1 and χ is minimal among all rays S1 ⊆ Hom(Q,R) \R0χ such that
[MS0i0 ,M
S1
1 ] = 1.
Suppose that S1 is decomposable with respect to the R-space V . Then by Lemma 8
M
S1
1 ⊆ 〈
⋃
α,β [Mα1 ,Mβ1 ]〉 where the union is over all open rays α,β that are not in V . Then
the convex hulls of S0,α and of S0,β do not intersect R0χ and hence [MS0i0 ,Mα1 ] = 1 =
[MS0i0 ,M
β
1 ]. Then [MS0i0 , [Mα1 ,M
β
1 ]] = 1 and hence [MS0i0 ,M
S1
1 ] = 1, a contradiction. Thus
S1 is indecomposable with respect to the R-space V .
By Lemma 4 as S0 is indecomposable with respect to V it follows that S1 does not
contain an element from R. By Lemma 8(2),
M
S1
1 ⊆
〈⋃
α,β
[
Mα1 ,M
β
1
]〉
,
where the union is over open rays α,β such that the convex hull of α,β contains S1 but
does not intersect R0χ , furthermore either β is in R>0R or β is not in V (hence α is not
in V ). If α and β are not in V then as above [MS0i0 , [Mα1 ,M
β
1 ]] = 1 and if all α,β in the
above decomposition are not in V then [MS0i0 ,M
S1
1 ] = 1. Then we assume that some α,β
from the above decomposition are in V , β ⊆ R>0R and aim to reach a contradiction. In
this case by Lemma 4 and the fact that S0 is indecomposable with respect to V , we deduce
that the convex hull of β and S0 does not intersect R0χ and hence [MS0i0 ,M
β
1 ] = 1. Then
by the Witt formula,
[
M
S0,
[
Mα,M
β]]⊆ [MS0,Mα].i0 1 1 i0 1
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S0
i0
, we can
assume that α is not decomposable with respect to V .
There are two possibilities:
(1) S0 = −S1 and χ is in the convex hull of S0 and S1;
(2) S0 = −S1.
In the first case using the fact that S1 and S0 are indecomposable with respect to the R-
space V we deduce by Lemma 4 that β is in conv{−S0,−S1} \ (−S0 ∪−S1). Furthermore,
as [MS0i0 ,Mα1 ] = 1, we can assume that R0χ intersects the convex hull of α and S0 and α
is indecomposable with respect to the R-space V . Furthermore, as S1 is in the convex hull
of α, β and this convex hull does not intersect R0χ we deduce α ∈ conv{R>0χ,S1} \
(S1 ∪ R>0χ). Then α satisfies all the properties of S1, a contradiction with the minimality
of the angle between χ and S1.
In the second case by Lemma 4 and the fact that S0 and S1 are indecomposable with
respect to the R-space V we deduce that β /∈ conv{S0,−S0, χ}. As α,β are open rays in V
such that S1 = −S0 is in their convex hull α ∈ conv{S0,−S0, χ}. Note α = S1 as otherwise
β = S1 is a ray in R>0R and by Lemma 4 applied for the trivial character as element of
the convex hull of S0 and S1, we get that S0 is decomposable with respect to the R-space
V , a contradiction. As [MS0i0 ,Mα1 ] = 1 the convex hull of S0 and α contains χ . Then α is
a ray in conv{S1,R>0χ} \ (S1 ∪ R>0χ), a contradiction with the minimality of the angle
between S1 and χ . 
Proposition 4. For all open rays S1, S2, . . . , Sj in Hom(Q,R) \ R>0χ we have either
(1) [MS0i0 ,M
S1
1 ,M
S2
1 ] = 1; or
(2) S0, S1, and S2 satisfy the conditions (1)–(3) from Theorem 10 and
[
M
S0
i0
,M
S1
1 , . . . ,M
Sj
1
]⊆ 〈⋃
S
[
M
S0
i0
,MSj
]〉
,
where the union is over all open rays S in conv{S1, S2} \ (S1 ∪ S2). In particular,
[
M
S0
i0
,M
S1
1 , . . . ,M
Si0+1
1
]= 1.
Remark. If the open ray R<0χ does not contain weights of η then for S0, S1, and S2 as in
case (2) we have MS21 = 1. In particular, [MS0i0 ,M
S1
1 ,M
S2
1 ] = 1 for all S1, S2 open rays in
Hom(Q,R) \ R>0χ .
Proof. Assume [MS0i0 ,M
S1
1 ,M
S2
1 ] = 1. By Proposition 3, S0 is decomposable with respect
to the R-space spanned by χ and S0. Note that the three conditions given by Theorem 10
hold otherwise [MS0,MS1,MS2] = 1. Now as M is generated by the subgroups MT fori0 1 1 1
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Hom(Q,R) \ R>0χ such that S ⊆ conv{S1, S2}
[[
M
S0
i0
,MSj
]
,MT1
]⊆ 〈⋃
J
[
M
S0
i0
,MJj+1
]〉
, (∗)
where the union is over all open rays J ⊆ conv{S1, S2} \ (S1 ∪ S2). As M is generated by
the subgroups Mγ1 for γ an open ray in Hom(Q,R) \ R0χ to prove (∗) it is sufficient to
show
[
M
S0
i0
,MSj ,M
T
1
]⊆ 〈⋃
J
[
M
S0
i0
,MJj+1
]〉
,
where the union is as above. Observe that by Theorem 10 either [MS0i0 ,MS1 ,MT1 ] = 1 or
S0, S, and T span two-dimensional space, all lines spanned by S0, S, and T are differ-
ent and χ ∈ −T ∩ conv{S0, S}. Assume that [MS0i0 ,MS1 ,MT1 ] = 1. As R0χ does not
intersect conv{T ,S0} for C = conv{T ,S0} \ (T ∪ S0), we have [MT1 ,MS0i0 ] ⊆ 〈MDi0+1 |
D is an open ray in C〉 = 1. By the Witt formula,
[
M
S0
i0
,MSj ,M
T
1
]⊆ [MSj ,MT1 ,MS0i0 ].[MT1 ,MS0i0 ,MSj ]= [MSj ,MT1 ,MS0i0 ].
Furthermore, [MSj ,MT1 ] ⊆ 〈MJj+1 | J is an open ray in conv{S,T } \ (S ∪ T )〉 and hence
[
M
S0
i0
,MSj ,M
T
1
]⊆ [MSj ,MT1 ,MS0i0 ]⊆
〈⋃
J
[
MJj+1,M
S0
i0
]〉
,
where the union is over all open rays J in conv{S,T } \ (S ∪ T ) as above, in particular
J ⊆ conv{S1, S2} \ (S1 ∪ S2). This completes the proof. 
12. The Lie algebra homologies H2(η) and H2(η|Qp)
In this section we investigate the structure of the homology H2(η) of the Lie algebra
η over K as a Z[Qχ ]-module, where η satisfies the assumptions of Section 5 and χ is a
non-zero real character of Q. Some basic facts about homologies of Lie algebras could be
found in [1, Section 5.2]. Note that since η splits as a sum of one-dimensional (over K)
K[Q]-modules the same holds for Hi(η). In fact, Hi(η) is a K[Q] subquotient of ∧i η,
where
∧i
η is the ith exterior power of η over K and it is endowed with the diagonal
Q-action, i.e., q(m1 ∧ · · · ∧mi) = qm1 ∧ · · · ∧ qmi for every q ∈ Q,m1, . . . ,mi ∈ η.
Definition. For every finite direct sum V of one-dimensional K[Q]-modules we define V 0χ
as the set of elements w of V for which the Qχ -orbit of w has compact closure. Note that
V 0χ is a K[Q]-submodule of V .
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following conditions are equivalent:
(1) Hi(η) is compactly generated over Z[Qχ ];
(2) Hi(η)0χ = 0;
(3) λ /∈ R0χ for every weight λ of Hi(η).
Proof. Note that a one-dimensional (over K) K[Q]-module A with weight λ is compactly
generated over Qχ if and only if λ(Qχ) ⊂ [0,∞), i.e., λ /∈ R0χ . The last condition is
equivalent to A0χ = 0. Then the lemma follows from the fact that Hi(η) splits as a direct
sum of one-dimensional K[Q]-modules. 
Similarly to [1, Proposition 5.2.5] we have
Proposition 5. Suppose η is a Lie algebra satisfying the assumptions of Section 5, N =
exp(η) and [χ] ∈ Σ2top(N  Q) with χ(N) = 0. Then H2(η)0χ = 0.
Proof. Similarly to the proof of [1, Proposition 5.2.5] there exists a central extension of
Lie algebras equipped with Q-action such that the extension agrees with this Q-action
0 → H2(η)0χ → G π−→ η → 0,
Kerπ ⊆ [G,G] and G is a direct sum of one-dimensional K[Q]-modules. Consider the
short exact sequence of groups
1 → exp(H2(η)0χ )= H2(η)0χ → (expG) Q → (expη) Q → 1.
By Proposition 1 for a nilpotent Lie algebra A (over K) [χ] ∈ Σ1top(exp(A)  Q) if and
only if Aab = A/[A,A] is compactly generated over Z[Qχ ]. In particular, as π induces
an isomorphism Gab  ηab and [χ] ∈ Σ2top(exp(η)  Q) ⊆ Σ1top(exp(η)  Q), we deduce
[χ] ∈ Σ1top(exp(G)  Q). As [χ] ∈ Σ2top(N  Q), [χ] ∈ Σ1top(exp(G)  Q) together with
the second part of Proposition 1 easily imply that H2(η)0χ is compactly generated over
Z[Qχ ]. Then by Lemma 11, 0 = (H2(η)0χ)0χ = H2(η)0χ . 
Proposition 6. Suppose k is a subfield of K that contains the field Qp . Let η be a Lie
algebra satisfying the assumptions of Section 5, χ a non-zero real character of Q such
that R0χ ∩ conv2(R>0R) = ∅. Then the homomorphism
H2(η|k)0χ → H2(η)0χ
induced by the inclusion of the coefficients is a monomorphism.
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map
η ⊗k η →
2∧
k
η →
2∧
k
η/B2(k)
vanishes on (λz) ⊗k y − z ⊗k (λy) for λ ∈ K and z or y in η′ = [η,η], where B2(k) is
defined in [1, p. 108]. To complete the proof as in [1, 5.5.4] it is sufficient to note that in
the decomposition
(η ⊗k η)0χ =
∑
αi+βi∈R0χ
ηαi ⊗k ηβi
for every pair (αi, βi) we have that αi or βi is not an element of R and hence either
ηαi or ηβi is a subset of the commutator η′. Note that if both αi and βi are in R then
∅ = R0χ ∩ conv2{αi,βi} ⊆ R0χ ∩ conv2(R>0R), a contradiction. 
Theorem 11. Suppose η is a nilpotent, finite-dimensional Lie algebra over K satisfying
the assumptions of Section 5, (R0χ) ∩ (conv2(R>0R)) = ∅ and H2(η)0χ = 0. Then
[χ] ∈ Σ2top(N  Q).
Proof. We remind the reader that by Theorem 9 the colimit M is nilpotent. Let θ : M → N
be the surjective homomorphism extending the identity maps of NC for [C] ∈ C . By the
construction of M and Lemma 8(2), the map θ induces an isomorphism M/[M,M] 
N/[N,N] and hence Ker θ ⊆ [M,M]. Let M1 be the quotient group M/[M,Ker θ ] and θ1 :
M1 → N be the homomorphism induced by θ . Note that Ker θ1 ⊆ [M1,M1]. We topologise
the derived subgroup of M1 as follows. For a fixed base of open neighbourhoods {Ui}i∈I
of the unity 1 of N we define {[θ−11 (Ui), θ−11 (Ui)]}i∈I as a base of open neighbourhoods
of the unity in [M1,M1]. Following the first part of the proof of [1, Theorem 5.6.1], we
show the following
Claim. There is a surjective continuous homomorphism of abelian groups
H2(η|Qp ) → Kerθ1,
where the topology on Ker θ1 is induced by the topology of [M1,M1] and the topology
on the homology group is induced by the p-adic topology on η|Qp , note η|Qp is finite-
dimensional over Qp. Furthermore, the above homomorphism is Q-invariant.
Proof. As in [1, Section 5.4] consider the short exact sequences of groups and Lie algebras
over Q respectively
1 → R → F → N = exp(η) → 1, 0 →R→F → η|Q → 0,
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exp(∂), G = F/[F,R]. By [1, 5.4.4] there is an isomorphism ϕ′ : G′ → exp(∂ ′) = exp(∂)′
of topological groups, where ∂ ′ is a topological Lie algebra over Q, Q carries the p-adic
topology and G′ has a base of open neighbourhoods of unity of type {[Π−1(A),Π−1(A)] |
A open subgroup containing 1N }, where Π : G → N is the canonical projection. Further-
more, the map ε : η ⊗Q η → ∂ ′ sending x ⊗ y to [π−1(x),π−1(y)] is continuous, where
π : ∂ → η|Q is the canonical map. Following the proof of [1, 5.6.1] there is a continuous
surjective map
w : η ⊗Q η ε−→ ∂ ′ exp−−→ D′ (ϕ
′)−1−−−−→ G′ canonical−−−−−→ M ′1 = [M1,M1]
that induces a continuous surjective map wˆ : η ∧Qp η → M ′1. Observe that w and wˆ are
not homomorphisms of abelian groups but are Q-invariant as all maps included in the
definition of w are Q-invariant. Still as in [1, 5.4.4] the restriction of wˆ to Z2(Qp) is a
surjective homomorphism of abelian groups Z2(Qp) → Ker θ1 that induces the required
epimorphism H2(η|Qp ) → Ker θ1. 
As H2(η)0χ = 0 by Proposition 6 H2(η|Qp )0χ = 0 and hence H2(η|Qp ) is compactly gen-
erated over Z[Qχ ]. Then Ker θ1 is compactly generated over Z[Qχ ], i.e., exists a compact
subset V of Ker θ1 ⊆ [M1,M1] such that QχV generates Kerθ1 as an abelian group.
Note that all assumptions of Theorem 7 for the colimit M hold except that we have not
topologised M . Still the proof of Theorem 7 gives the existence of a compact subset X
of N together with a Qχ -invariant homomorphism µ : F(QχX) → M whose composition
with the canonical projection θ : M → N is the inclusion of X in N and a subset R of
F(QχX) such that Kerµ is the normal closure of QχR and there is an upper bound on the
length of the elements of R as reduced words on X±1∪ (basis of Q)±1.
As V is a compact subset of [M1,M1] there is a subset V˜ of F(QχX) with an upper
bound of the length of its elements such that V˜ is mapped by the composition of µ with
the canonical map M → M1 to V . Note that Ker θ as a normal subgroup of M is generated
by a subset J if and only if the image of J in M1 generates the kernel of θ1. Then the
kernel of the composition θµ as a normal subgroup is generated by Qχ (R ∪ V˜ ). Then by
Proposition 1, [χ] ∈ Σ2top(N  Q), as required. 
13. Proof of Theorem 1
(1) By Proposition 1, [χ] ∈ Σ1top(G) if and only if N as a group is abstractly generated
by {qxq−1 | q ∈ Qχ, x ∈ X} for some compact subset X of N . As N is nilpotent this is
equivalent to N/[N,N]  η/[η,η] being compactly generated over Z[Qχ ]. By Lemma 11
this is equivalent to χ /∈ R0R.
(2) Suppose [χ] ∈ Σ2top(N  Q), χ(N) = 0. Then by Corollary 1,
R0χ ∩ conv2(R>0R) = ∅.
574 D.H. Kochloukova / Journal of Algebra 282 (2004) 538–574By Lemma 11 and Proposition 5, H2(η) is compactly generated over ZQχ . This completes
the ‘only if’ part. The ‘if’ part is Theorem 11.
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